Let G be a graph with n vertices, m edges, and girth g. If µ is the largest eigenvalue of the adjacency matrix of G, then
What is the maximum spectral radius of a graph of order n and girth g? Equivalently, what is the minimum order of a graph with girth g and spectral radius µ. For d-regular graphs the spectral radius is equal to d; thus, the Moore bound (see, e.g., [2] , p.180 and [4] for a general survey) shows that the order of such graphs is at least
Alon, Hoory, and Linial [1] extended this result, showing that every graph with girth g and average degree d has at least n (d, g) vertices. In fact, an even stronger result holds.
Theorem 1 Let G be a graph with n vertices, m edges, girth g, and spectral radius µ. Then
For g = 4 this result was obtained in [7] and extended in another direction in [5] ; the case g = 5 was given in [3] and slightly improved in [6] .
In view of µ ≥ 2m/n, Theorem 1 implies the aforementioned result of [1] . We shall show that it also implies another result of [1] : every graph G with m edges and girth g has at least n (Λ + 1, g) vertices, where
Indeed, suppose V (G) = {1, . . . , n} , write A for the adjacency matrix of G, and let x be the vector
The Rayleigh principle and the AM-GM inequality imply that
Since the function f (x) = x x is convex for x ≥ 0, and the function f (x) = (1 − 1/x) x is concave for x ≥ 1, for every n real numbers k 1 ≥ 1, . . . , k n ≥ 1 with
Combining this inequality with (2), we obtain n ≥ n (µ, g) ≥ n (Λ + 1, g) , as claimed.
Proof of Theorem 1 Let p k (u) be the number of paths of length k starting at vertex u. By induction on k, it is easy to show that, for k < g, the uth rowsum of the matrix
r−1 and note that P (µ) is an eigenvalue of the matrix P (A).
Let u be any vertex of G. Suppose first that g = 2r + 1. Since G has no cycles shorter than 2r + 1, the paths starting at u and of length at most r end at distinct vertices; thus, p 1 (u) + · · · + p r (u) ≤ n − 1. Therefore the rowsums of P (A) do not exceed n − 1, and so P (µ) ≤ n − 1.
Suppose now that g = 2r. Since G has no cycles shorter than 2r, the paths starting at u and of length at most r end by distinct edges; thus, p 1 (u) + · · · + p r (u) ≤ m. Therefore the rowsums of P (A) do not exceed m, and so P (µ) ≤ m, completing the proof.
2
Remarks -The condition for equality in the AM-GM inequality implies that, if G is connected, equality holds in (2) if and only if G is regular or semiregular.
-Using the main idea of the proof of Theorem 1, one can easily show that if G is a graph with n vertices, diameter D, and spectral radius µ, then µ + µ (µ − 1) · · · + µ (µ − 1) D ≥ n − 1.
-An intersting and difficult task is to find how precise is the bound (1). Stars and fans (graphs consisting of triangles sharing a single vertex) are examples of irregular graphs for which this bound is exact.
